MNRAS 000, 1-8 (2024) Preprint 22 August 2024 Compiled using MNRAS IXTEX style file v3.0

Effects of the photospheric cut-off on the p-mode frequency stability
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ABSTRACT

Sub-photospheric acoustic resonators allow for the formation of standing p-mode oscillations by reflecting acoustic waves with
frequencies below the acoustic cut-off frequency. We employ the Klein-Gordon equation with a piecewise acoustic potential
to study the characteristic frequencies of intermediate-degree p-modes, modified by the cut-off effect. For a perfectly reflective
photosphere, provided by the infinite value of the acoustic cut-off frequency, characteristic discrete frequencies of the trapped
p-modes are fully prescribed by the width of the acoustic potential barrier. Finite values of the acoustic cut-off frequency result
in the reduction of p-mode frequencies, associated with the decrease in the sound speed by the cut-off effect. For example, for
a spherical degree of ¢ = 100, characteristic p-mode frequencies are found to decrease by up to 200 uHz and the effect is more
pronounced for higher radial harmonics. The frequency separation between two consecutive radial harmonics is shown to behave
non-asymptotically with non-uniform spacing in the radial harmonic number due to the cut-off effect. We also show how the
11-yr variability of the Sun’s photospheric magnetic field can result in the p-mode frequency shifts through the link between the
acoustic cut-off frequency and the plasma parameter 8. Using this model, we readily reproduce the observed typical amplitudes
of the p-mode frequency shift and its phase behaviour relative to other 11-yr solar cycle proxies. The use of the developed model
for comparison with observations requires its generalisation for 2D effects, more realistic profiles of the acoustic potential, and
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broad-band stochastic drivers.
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1 INTRODUCTION

Convection inside the Sun excites acoustic oscillations, which can
form standing waves, known as p-modes (see Basu 2016, and ref-
erences therein for a recent review). These p-modes can be readily
detected in both Doppler velocity and intensity observations of the
Sun’s photosphere. The spatial structure of the oscillations can be
described in terms of spherical harmonics, where the harmonic de-
gree, ¢, is determined by the total number of node lines observed at
the surface. As the oscillations travel inwards towards the core of the
Sun, the waves are refracted. The depth they travel to before returning
to the surface, known as the lower turning point (LTP), is dependent
on ¢, such that the LTP of high-¢ modes is closer to the surface than
the LTP of low-£ modes. Once the oscillations reach the surface, they
are reflected by the sharp drop in density. The radius at which the
modes are reflected is known as the upper turning point (UTP) and
is primarily dependent on mode frequency, such that the UTP is at a
larger radius for high-frequency modes than low-frequency modes.
The oscillations can, therefore, be considered to be trapped within
a cavity, the radial extent of which is determined by the LTP and
UTP. The properties of the plasma within those cavities determine
the frequencies of the oscillations.

Although the Sun’s convection is capable of exciting oscillations
across a wide range of frequencies, there is an upper limit to the
frequency at which oscillations are reflected back into the interior,
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known as the observational acoustic cut-off frequency. As a conse-
quence of this, standing p-mode oscillations are only observed at
frequencies below the acoustic cut-off frequency (whereas acoustic
waves with frequencies above the acoustic cut off are permitted to
propagate out into the solar atmosphere). Although in frequency-
power spectra of helio- (or astero-) seismic oscillations, only one
acoustic cut-off frequency is observed, which distinguishes between
the p-mode and pseudomode regimes, the acoustic cut-off frequency
wac can also be defined as a parameter that varies as a function of

radius, 7,
2
2 Cg dH
Wy = 4H2 (] _23)’ (1)

where H is the density scale height and c; is the local sound speed. It
can be shown that, when using a standard solar model, wyc increases
with increasing r before reaching a maximum just above the pho-
tosphere (e.g. Basu 2016). At a particular radius, only modes with
w > wyc are propagate and thus the observational acoustic cut-off
frequency corresponds to the maximum value of w,c. This variation
in acoustic cut-off explains why different frequency p-modes have
different UTPs.

The WKB approximation can be used to show that for p-modes of
spherical degree ¢ and radial order n,
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(Deubner & Gough 1984; Gough 1993; Ong & Basu 2019, and



songyongliang


songyongliang


songyongliang


songyongliang


songyongliang


songyongliang



2  D.Y Kolotkov et al.

references therein), where S¢ is the Lamb frequency, N is the Brunt-
Viisila frequency, and ry and rq are the radii of the upper and lower
turning points, respectively. Furthermore, ¢, represents the phase
difference due to near surface reflection, such that if the mode cavity
behaves linearly near the turning points, one expects ¢p = —0.5. In the
deep solar interior, where wye < w, Eq. (2) simplifies to Duvall’s law
(Duvall 1982), which demonstrated that ¢p is a function of frequency.
Unlike Duvall’s law, Eq. (2) acknowledges the dependence of mode
frequency on wyc, such that w,e determines the location of ry. As
an alternative, this paper aims to investigate the p-mode frequencies
obtained from solutions to the radial Klein-Gordon equation, using a
finite acoustic potential to represent the acoustic cut-off frequency at
the photosphere, which then impacts reflectivity of the oscillations.
The focus of this paper is the direct impact acoustic cut-off has on
mode frequency. Therefore, in order to isolate this effect from the
additional ramifications of changes in the upper turning point, we start
by fixing the radius at which the modes are reflected by normalising
everything in terms of the length of the modes’ respective cavities.

Our ability to model oscillations in the near-surface region, where
ry is located, is severely limited with observable discrepancies be-
tween models and observations that primarily stem from the break-
down of adiabaticity and limitations in modelling near-surface con-
vection and its interaction with the modes (see Basu 2016, for arecent
summary of the “surface term”). This, understandably, then impacts
our ability to understand the perturbation of oscillation frequencies
caused by the presence of a near-surface magnetic field.

The frequencies of the p-mode oscillations are not constant in
time. It has now been observed for some time that the p-mode fre-
quencies vary systematically through the Sun’s 11-yr Schwibe mag-
netic activity cycle (e.g. Woodard & Noyes 1985; Palle et al. 1989;
Elsworth et al. 1990; Libbrecht & Woodard 1990). The frequency
variation has an amplitude of around 0.5 uHz and is in phase with
magnetic activity. However, the exact magnitude of the change in
frequency is dependent on both ¢ and the frequency of the mode (see
Broombhall et al. 2014, and references therein). Interestingly, Jiménez
et al. (2011) found that the acoustic cut-off frequency itself varies in
phase with the solar cycle.

Broadly speaking, the influence of the magnetic fields on the os-
cillations frequencies is often attributed to the direct impact of the
Lorentz force on the modes and the indirect effect of magnetic fields
on the properties of the acoustic cavities and the plasma contained
within them. However, the exact mechanism responsible for this vari-
ation is still not well understood. A number of papers suggest that
the direct impact of magnetic fields on the oscillations is too small
to alone explain the observed variation (e.g. Dziembowski & Goode
2005; Foullon & Roberts 2005). However, Kiefer & Roth (2018)
demonstrated that, unless the near-surface magnetic field is very
strong (such that the plasma 8 < 1), the indirect perturbation on
oscillation frequencies is far smaller than the perturbation due to
the direct effect. Furthermore, the authors find that, for all magnetic
field configurations included in their study, the indirect effect acts to
decrease the oscillation frequencies i.e. changes them in the opposite
sense to the variations observed through the solar cycle. However,
Kiefer & Roth (2018) were able to approximately replicate the mag-
nitude and frequency dependence of the frequency shifts by invoking
a 10kG decrease in toroidal magnetic field from cycle minimum to
maximum. In this paper, we consider the effect of a magnetic field
on the acoustic cut-off frequency and determine consequences of a
variation in the acoustic cut-off frequency on the modelled p-mode
frequencies.

Section 2 describes the model used in this paper and the main
assumptions made. Section 3 describes the impact of varying the

MNRAS 000, 1-8 (2024)

acoustic cut-off on the frequencies of trapped p-modes, while Sec-
tion 4 demonstrates that varying the acoustic cut-off in a physically
motivated way can replicate properties of observed solar cycle fre-
quency shifts, such as the magnitude and in-phase variation. Finally,
Section 5 gives the main conclusions of this work.

2 MODEL AND ASSUMPTIONS

The dynamics of acoustic waves with spherical degrees ¢ < 100 in a
convection zone cavity can be considered predominantly vertical and
described by the following Klein-Gordon equation (see e.g. Kumar
& Lu 1991; Roxburgh & Vorontsov 1995; Vorontsov et al. 1998;
Nigam & Kosovichev 1998; Taroyan & Erdélyi 2008, and references
therein),

0y 0%y

ﬁ—W—V(V)WZf(LV)a (3)
where (¢, r) is a particular spherical component of the wave-caused
perturbation, V(r) is the potential barrier which represents an ef-
fective subphotospheric acoustic resonator, and f(¢,r) is the source
function which, in general, mimics the excitation of acoustic waves
by convective zone motions. Non-adiabatic effects responsible for the
wave damping are omitted. In Eq. (3), we normalise the sound speed
¢s and the acoustic cavity depth a to unity, so that the characteristic
wave frequencies described by Eq. (3) are measured in units of the
inverse acoustic transit time 1/74 . For the acoustic potential V(r),
we choose a piecewise form,

(12, forr > a

V(r) =140, forO<r<a )

> a2, forr<0

which is illustrated in Fig. 1. Here, the parameter @ represents
the effective acoustic cut-off frequency at the photospheric level,
@ = wyc(r = a) (cf. Fig. 5 in Basu et al. 2012, for example). Such a
form of V(r) implies an acoustic resonator of a Fabry-Pérot type, i.e.
waves of practically all frequencies reflect from the lower boundary of
the resonator, » = 0, while at the photospheric level, r = a, waves with
frequencies below/above the acoustic cut-off « reflect/propagate, re-
spectively. In this piecewise form of V(r), we neglect the variation
of the acoustic cut-off frequency « with height, so that all waves with
frequencies below « reflect at the same photospheric level, r = a.
We also stress that the lower boundary of V(r) at r = 0 only mimics
the lower turning of p-modes, as the described model is intrinsically
one-dimensional and, hence, cannot properly address the effect of
wave refraction.

Using the exact analytical solution to Eq. (3) given in e.g. Kumar
& Lu (1991) for a harmonic point source f (¢, r), the Fourier power
spectrum of the wave function ¥ (¢, r) in the vicinity of » = a can be
written as,

Jo sinwrg 2

F(w) = (&)

wcosw + Va? — w?sinw

where f and r( are the source’s amplitude and position, and w is the

! Estimated, for example, through the standard solar model cs2 ~ (y -
DGMy(r~! - Rél) (e.g. Christensen-Dalsgaard 2021, Eq. (43)) as 7o =
fRIZQ_a dr/cs, where R — a is the lower turning point. For example, for
¢ = 100 and oscillation frequency around 3000 uHz (radial harmonic n = 7),

~ 0.1Rp (e.g. Aerts et al. 2010, Figs. 3.14 and 7.13) which gives 74 =
20 min.
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Figure 1. Acoustic potential V (r) given by Eq. (4), with partial (red) and
infinite (black dashed) reflectivity at the photosphere, r = a. The width a of
the potential V (r) is determined by the effective penetration depth of acoustic
waves.

angular frequency of the excited acoustic wave. The typical shape
of the Fourier power spectrum prescribed by Eq. (5) is shown in
Fig. 2 for @ = 3, 6, and 9 of the inverse acoustic transit time 1/74,
with one, two, and three standing radial harmonics with w < @
excited within the cavity (0 < r < a), respectively. Outside the cav-
ity (r > a) these modes evanesce with the characteristic e-folding
length A, = c¢s/Va? - w?. For example, for the p-mode frequency
w/2n = 3000 uHz, cut-off frequency /27 = 5000 Hz, and sound
speed at the photosphere ¢s = 10km/s, we obtain 1, ~ 400 km, i.e.
the perturbation caused by the p-mode trapped in the acoustic cavity
below the photosphere can reach about the temperature minimum
region in the solar atmosphere. This is in broad agreement with ob-
servations, where the amplitude of oscillations observed in different
intensity measurements at different wavelengths decreases if obser-
vations are made higher in the solar atmosphere. For example, Solar
and Heliospheric Observatory’s (SoHO’s) Variability of Solar IRra-
diance and Gravity Oscillations (ViRGO) made unresolved intensity
observations of the Sun at three different wavelengths. The response
functions of these observations peak at heights, separated by a few
10s of km (Jiménez et al. 2005). In turn, the oscillation amplitudes
drop by approximately a factor of e (Frohlich et al. 1997).

In this work, we consider the acoustic cut-oft frequency « as a free
parameter characterising the partial reflectivity of the photosphere,
and investigate the associated frequency corrections and modulation
of resonant acoustic waves trapped inside the cavity as effective p-
modes. For w > a, the propagating acoustic waves can also form
peaks in the Fourier power spectrum due to the effect of constructive
interference, which is known as the phenomenon of pseudo-modes
(see e.g. Kosak et al. 2022, and references therein). However, the
further discussion of pseudo-modes is out of the scope of this work.

Cut-off effects on the p-mode frequency 3

3 P-MODE FREQUENCY CORRECTIONS BY ACOUSTIC
CUT-OFF

Using Eq. (5), the peaks in the lower-frequency (w < @) part of the
Fourier spectrum shown in Fig. 2, occur when the denominator on its
right-hand side goes to zero. Thus, the eigenfrequencies of trapped
p-modes in the acoustic resonator given by Eq. (4) can be determined
from the following transcendental algebraic equation,

tan w + Y - 0. (6)
a? - w?
As such, the p-mode eigenfrequencies seem to be generally indepen-
dent of the source position r except for cases with ro = a/n where n
is the integer number, resulting in the preferential excitation of even
or odd radial harmonics. Thus, the acoustic cut-off frequency @ ap-
pears as the only free parameter in Eq. (6) (given that the sound speed
¢s and the acoustic cavity depth a are set to unity for normalisation).
Indeed, for a perfectly reflecting photosphere with @ — oo, the p-
mode eigenfrequencies are determined by the condition tanw = 0,
resulting in w = nm /1A, i.e. are fully prescribed by the acoustic cavity
depth a and the sound speed c;. Finite values of ¢, in turn, would lead
to a modification in the characteristic frequencies of the fundamental
and higher radial p-mode harmonics, as seen, for example, in Fig. 2.

To assess the modification of the p-mode frequencies caused by
the effect of finite reflectivity of the photosphere (finite «), we treat
Eq. (6) numerically in the mathematical software package Maple
2022 and visualise solutions for the first five radial harmonics in
Fig. 3 (left panel). For some fixed finite value of the acoustic cut-
off a, the obtained effective p-mode frequencies are clearly seen to
deviate from nn (normalised to 1/74). Furthermore, the magnitude
of the deviation increases with the radial harmonic number, n. More
specifically, when w = « (see where the blue and red lines meet in
the left-hand panel of Fig. 3), the effective p-mode frequency equals
/2 + (n— 1)x. As a then increases, the p-mode frequency, for each
radial harmonic, tends to nsr. The latter means, in particular, that for
each radial harmonic, the maximum deviation of the p-mode angular
frequency from nr is 71/2 (normalised to 1/74) which is independent
of the harmonic number, n. For 7o = 20 min (see Sec. 2), this results
in the maximum decrease in the p-mode cyclic frequency about
200 uHz, obtained as 7/2/2n/ta. The closer the acoustic cut-off
frequency is to nm, the bigger the deviation. The physical nature of
this effect is connected with the decrease of the effective acoustic
wave speed with @. Indeed, the effective acoustic wave speed can
be determined as wy/k, where k, is the wavenumber of the n-
th radial harmonic. For trapped p-modes, &, is fully prescribed by
the cavity size a as k;, = nn/a and thus is independent of the
acoustic cut-off frequency, a. The right-hand panel in Fig. 3 shows
the minimum possible effective acoustic wave speed, determined as
(/2 + [n — 1]n) /nn (normalised to c;), for the first twenty radial
harmonics. According to it, the effective acoustic wave speed can
differ from the standard sound speed cg by 20%—50% for lower radial
harmonics and by just a few per cent for higher radial harmonics due
to the effect of . For all ns, this modification in the effective acoustic
wave speed with « results in up to /2 modification in the effective
p-mode frequency, as pointed out above.

We now consider the impact of @ on the frequency separation
Awp = wy, — wy,—1 between two consecutive radial harmonics, re-
ferred to as the large frequency separation in observations (see Gar-
cia & Ballot 2019, and references therein for a recent review in the
context of asteroseismology). The left-hand panel in Fig. 4 shows
Awy, estimated from the numerical solution of Eq. (6) (see Fig. 3,
left panel) for several values of the cut-off frequency a. First, we
observe that Aw,, predicted by Eq. (6) appears to be smaller than 7
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Figure 3. Left: Normalised angular frequency (blue) of the first five (n = 1-5) radial harmonics of acoustic waves trapped within the acoustic cavity (Fig. 1) vs.
normalised acoustic cut-off angular frequency, obtained with Eq. (6). The horizontal dotted lines indicate the trapped mode frequencies (e n ) in the absence of
the cut-off effect (as a tends to infinity). The red dashed line shows w = a. Right: Decrease in the effective speed of trapped acoustic waves vs. radial harmonic
number, caused by the cut-off effect. The minimum effective acoustic wave speed is determined as (71/2 + [n — 1] x) /nx (normalised to cg, see Sec. 3).

(in normalised units) for all cases considered. Also, Aw,, is found to
be generally non-uniform, i.e. it decreases with the radial harmonic
number n. On the other hand, this non-uniformity seems to be less
pronounced for higher @, when more radial harmonics are excited.
For example, for atp =~ 14.4 only five trapped radial harmonics exist
and Aw,, decreases by about 10% for n varying from 1-2 to 4-5. In
contrast, for atp ~ 62.5, this decrease of Aw, with n (from several
lowest-n harmonics up to n = 20) is found to be about 4%.

For practical purposes, such behaviour of Aw, with the radial
harmonic number n and the cut-off frequency @ motivates us to
represent w;, and w,_1 through the constant frequency wg = 7/7p
(prescribed by the acoustic travel time 7 through the cavity) and
some dimensionless non-asymptotic corrections &, () and &,,_ (@)
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as
wy = (n+&p)wg, (@)
wy_1 = (n-1+¢g,-1)wg, ®)

which is convenient for determining frequency corrections &, and
&,—1 caused by the effect of acoustic cut-off from observations. In
contrast to the asymptotic regime (e.g. Mosser et al. 2013), €, and
&,—1 may in general vary with both n and « in Egs. (7)-(8). The
right-hand panel of Fig. 4 shows how the cut-off effect is pronounced
in the standard echelle diagram, where the departure from the vertical
shape increases with the decrease in @. Furthermore, one can consider
a potentially observable dimensionless parameter Awy,/wy = 1 +
&n — &,—1 and assess its expected values treating €, and £,_1 as
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free parameters (see grey contour lines in Fig. 5). Thus, Aw, /wy is
expected to equal unity for €, = g,_1; to be > 1 for &, > &,_1;
and to be < 1 for &, < &,—_1. Substituting our numerical solution
for w, and w,_; shown in Fig. 3 (left panel) to Eqs. (7)—(8), we
obtain that —-0.5 < ¢, < £,-1 < O for finite @ and &, — €,,-1 —
0 for @ — oo, resulting in Aw,/wg < 1. For illustration, Fig. 5
shows &, vs. £,_1 caused by the effect of acoustic cut-off for the
pairs of radial harmonics with n = 2 and 1, n = 4 and 3, n = 20
and 19. The intersection of those lines with the grey contours of
the parameter Aw,/wqy provides the corresponding values of the
frequency correction parameters &, and &, _1. Thus, if one has the
value of Aw;, /wq for a given pair of radial harmonics n and n—1 (and
fixed spherical degree £) from observations, Fig. 5 can potentially be
used for constraining the frequency corrections &, and &, _, caused
by the effect of the photospheric acoustic cut-off2, and discriminating
it from other effects (e.g. stellar density, radius, gravity, rotation,
effective temperature and ionisation effects, Stello et al. 2009; Miglio
etal. 2009; Hekker et al. 2011; Bedding et al. 2020; Hasanzadeh et al.
2021) influencing Aw, /wg.

Furthermore, by substituting w, from Eq. (7) into Eq. (6) and
treating £, as a small parameter, we can obtain an approximate
explicit analytical relationship between &, and the acoustic cut-off
frequency « as

P — ®
2

a? — nzwo
where both @ and w( are normalised to the acoustic travel time 74 .
Our tests showed that the approximate solution Eq. (9) agrees well

2 Forexample, for wy /27 ~ 416 uHz (T4 = 20 min) and the large separation
Awy, /27t = 330 uHz between radial harmonics n = 4 and 3 with fixed
spherical degree £ = 100, we obtain Aw,,/wy to be about 0.8 resulting in
the corresponding frequency corrections &4 ~ —0.48 and £3 = —0.28 (see
Fig. 5).

with the full numerical solution of Eq. (6) for |&,| < 0.1, with the
mismatch below 10%.

4 11-YEAR FREQUENCY SHIFTS

In this section, we propose a mechanism for how the 11-year variabil-
ity of the Sun’s magnetic activity can influence p-mode oscillation
frequencies (see e.g. Roberts & Campbell 1986; Roberts 1996) via
modulation of the photospheric acoustic cut-oftf frequency, @. In-
deed, the effect of the magnetic field on @ can be isolated as (e.g.
Afanasyev & Nakariakov 2015),

o= D 10)

Vi+yB/2

where £ is the standard plasma parameter given by the ratio of the
thermal pressure to the magnetic pressure, 1y is the standard adiabatic
index, and ayp is the value of the acoustic cut-off fully determined
by hydrodynamic parameters of the medium (i.e. sound speed and
density scale height) in the infinite field regime (8 — 0).

Demanding 8 in Eq. (10) to vary harmonically with the 11-year
periodicity and small amplitude around some equilibrium value, 8 =
Bo(1+38p), the perturbed acoustic cut-off @’ can be Taylor-expanded
around small parameter 63 as

a'zao(l—%). an

Here, we used condition Sy > 1 typical for the solar convection
zone (e.g. Fan 2004), and «( stands for the unperturbed value of
the acoustic cut-off. Thus, taking a harmonic function with e.g. 5%
amplitude for 68 (see Fig. 6, left panel), we obtain o’ to vary in
anti-phase with the same oscillation period. Such a behaviour of the
acoustic cut-off with S is generally consistent with observations of
the 11-yr solar cycle, where the cut-off frequency is found to vary
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in phase with the radio flux (e.g. Jiménez et al. 2011), which in turn
has inverse proportionality to 3.

We now substitute the acoustic cut-off @’ Eq. (11) modulated by
the 11-yr variability of the plasma parameter 8 into our numeri-
cal solution of Eq. (6) for w, shown in Fig. 3, left panel. Thus,
small-amplitude harmonic modulation of the cut-off frequency in
the vicinity of ¢ results in the corresponding small-amplitude peri-
odic modulation of the p-mode oscillation frequency wy,, illustrated,
for example, for the radial harmonic n = 5 and ag7a = 15 in the left-
hand panel of Fig. 6. The phase behaviour of w, modulated by this
mechanism is prescribed, in general, by the sign of the gradient of the
function w;, (@). In our case (Fig. 3), w, tends to increase with @ (i.e.
the gradient is positive), which results in the in-phase 11-year modu-
lation of the acoustic cut-off and p-mode frequency shift (both are in
anti-phase with the plasma parameter ) in Fig. 6. The latter is also
consistent with the observed behaviour (e.g. Woodard & Noyes 1985;
Palle et al. 1989; Elsworth et al. 1990; Libbrecht & Woodard 1990;
Broomhall et al. 2014, and references therein). In turn, the amplitude
of the obtained frequency shift is prescribed by the value of the gra-
dient of the function wy, (@). Thus, according to the left-hand panel in
Fig. 6, the arbitrarily chosen 5% relative amplitude in the plasma pa-
rameter (3 results in 2.5% relative amplitude in the cut-off frequency
a’ (~ 125 uHz for a = 5000 uHz) and in much lower relative am-
plitude in the p-mode frequency shift dw;, as usually seen in obser-
vations. The right-hand panel in Fig. 6 shows the frequency shift am-
plitude dw,, estimated as 6wy, = [wWn (¥max) — Wn (¥min)] /2wn (@g)
for radial harmonics n = 5, 10, 15, and 20, which rapidly drops below
0.05% with @. Furthermore, the obtained 11-yr frequency shift am-
plitudes dw, tend to increase with the radial harmonic number, 7 (see
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Fig. 7). Thus, our mechanism readily reproduces the observed typi-
cal amplitudes of the p-mode frequency shift and its phase behaviour
relative to other 11-yr solar cycle proxies.

5 DISCUSSION AND CONCLUSIONS

We studied the effects of the photospheric acoustic cut-off on the
characteristic frequencies of p-modes trapped in a sub-photospheric
acoustic cavity, using the Klein-Gordon equation with a piecewise
acoustic potential. The developed approach allowed us to assess the
corrections to the p-mode frequencies, caused by the cut-off effect,
and to link the observed 11-yr helioseismic frequency shifts with
the impact of the magnetic field on the photospheric acoustic cut-off
frequency. In other words, by treating the sub-photospheric acous-
tic cavity as a resonator of a Fabry-Pérot type and varying its re-
flection/transmission property (i.e. the photospheric acoustic cut-off
frequency) periodically, we managed to reproduce the periodic fre-
quency modulation of acoustic waves trapped inside the resonator.
The main findings of this study can be summarised as follows:

o Finite values of the photospheric acoustic cut-off frequency lead
to the decrease in the characteristic frequencies of trapped p-modes.
This is connected with the modification of the effective speed of
acoustic waves by the cut-off effect. The revealed frequency correc-
tion is larger for higher radial harmonics, with frequencies closer to
the acoustic cut-off frequency. Our estimations show that for £ = 100
(acoustic travel time through the cavity 7o =~ 20 min), the maximum
decrease in the p-mode frequency can reach 200 yHz (obtained as
7/2/2n/Ta, for all radial harmonics).

e We derived an approximate but explicit relationship linking the
expected frequency correction &, with the acoustic cut-off frequency
« and the radial harmonic number n (Eq. (9)). Moreover, we proposed
a scheme for estimating the frequency correction &, in observations,
using the large frequency separation Aw,,. In particular, the cut-off
effect is shown to result in Aw, /wg < 1, where wg = /75 (see
Fig. 5). This constraint can be useful for disentangling the cut-off
effect from other effects influencing Aw,, /wq in future studies.

e The large frequency separation Aw,, is found to decrease with
the increasing radial harmonic number n due to the cut-off effect.
However, this decrease is found to be only mild, by 4-10% for all
cases considered. Observationally, the behaviour of Aw,, with n is
seen to be non-monotonic for low-£ modes. It initially decreases with
increasing n at low n and then increases for higher n (see e.g. Karoff
2007; Mosser et al. 2013; Gaulme et al. 2010, for the Sun and other
stars), which may indicate the cut-off effect is counteracted by other
mechanisms. In these low-¢ observations, the cut-off frequency cor-
responds to around n = 36 and we can readily see modes in a broad
interval of ns (e.g. for £ = 0-2, we can observe n = 9-30). For higher
¢ ~ 100, the cut-off is around n = 15, and there Aw,, does seem
to decrease with increasing n monotonically (see e.g. the standard
SoHO/MDI frequency-degree diagram). The latter is broadly consis-
tent with our result. However, a more detailed comparison, such as
the decrease rate and its functional form predicted theoretically and
seen in observations, would require a dedicated study.

o Low-amplitude periodic modulation of the plasma parameter 8
at the photosphere is shown to result in the modulation of the acoustic
cut-off and, more importantly, in the corresponding periodic shifts
of trapped p-mode frequencies through the cut-off effect (see Fig. 6).
Using our model, we managed to reproduce the observed amplitudes
of the 11-year frequency shift and its in-phase behaviour with other
solar cycle proxies, such as radio flux (inversely proportional to
B). This is in contrast to previous works discussed in Section 1,
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where a strong perturbation to the toroidal magnetic field required
for reproducing the observed magnitude and frequency dependence
of the p-mode frequency shifts.

e The detected dependence of the frequency shift amplitude on
the radial harmonic number n (Fig. 7) is very reminiscent of the trend
observed in real data (e.g. Libbrecht & Woodard 1990; Chaplin et al.
2001; Broombhall 2017), which is usually related to the frequency-
dependence of the upper turning points of the modes and a near-
surface perturbation of the modes by a magnetic field (Cox 1980;
Gough 1990; Goldreich et al. 1991). Our model suggests that the
cut-off effect may also play a role in those observations. A similar
frequency (or n) dependence has also been observed on some other
stars (e.g. Salabert et al. 2011, 2016). However, other stars seem
to exhibit an oscillatory relationship between frequency shift and

frequency, which can potentially be attributed to a deeper seated
magnetic field (e.g. Salabert et al. 2018). It would be interesting to
determine whether the acoustic cut-off frequencies of these stars also
vary with time.

The presented study is based on a 1D analytical model which has
a number of important shortcomings. For example, we neglected the
2D effects responsible for both the acoustic wave refraction at the
lower turning point and the possible direct impact of the magnetic
Lorentz force on the modes. To account for these, a generalisation of
our study using a more advanced 2D model of (magneto)acoustic-
gravity waves in a stratified medium, described in e.g. Roberts (2006);
Costa et al. (2018), is required. Likewise, our study can be expanded
upon considering more realistic smooth radial profiles of the acoustic
potential V(r), thus incorporating the dependence of the upper turn-
ing point on the mode frequency. For example, Ong & Basu (2019)
used the WKB approximation to determine how the large frequency
separation is affected by the acoustic cut-off effect. In their model,
the acoustic cut-off is non-zero and varying in the solar interior,
such that the mode frequencies are always greater than the acoustic
cut-off. This means that the acoustic cut-off determines the radius
of reflection and this radius varies from mode to mode. Our model
of the acoustic cut-off as a step function is more simplistic, and was
a necessary step in order to isolate the direct impact the acoustic
cut-off has on mode frequencies, but adopting a set-up similar to
that used bu Ong & Basu (2019), would represent and interesting
extension to this work. The exact analytical solution to the governing
Klein-Gordon equation (3) used in our study is derived under the
assumption of a monochromatic harmonic driver, while in reality
the convection zone motions driving p-mode oscillations are rather
broadband and stochastic. Thus, the stochastic excitation of p-modes
with the cut-off effect can also be studied in terms of our model by
adjusting the source function on the right-hand side of Eq. (3). Fi-
nally, possible interactions of the evanescent part of p-modes, which
was shown to reach up to the temperature minimum region in the
Sun’s atmosphere, with chromospheric resonators (e.g. Botha et al.
2011; Zhugzhda & Sych 2014) represent another interesting avenue
for development. In all those studies, the low-dimensional results
presented in this work can be used as a limiting case for comparison
and validation.
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